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Abstract

Encircled Energy Factor (EEF), Excluded Energy and Relative
Encircled Energy are important corollaries of the Point Spread Function
(PSF) of an optical system. In this paper, we have studied the Excluded
Energy, Relative Encircled energy to understand their role as Point
Image quality assessment parameters of Optical systems with amplitude
apodised rotational symmetric filter functions.
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1. Introduction

Encircled energy is an important
parameter which can be studied as a measure
of image quality. According to Wetherill',
“Excluded energy” is the energy difference
between total energy and the energy
concentrated within a specified circle of radius
S . Itis denoted with Ex [ § ] and is also useful
to study the structure of a specified ring in
detail. It is also known as the “Dispersion
Factor”, as designated by Dossier’, higher
value of this factor indicates better functioning
of the pupil function. The most desirable pupil
function is that which can minimize the
excluded energy and maximize the encircled

energy. Surender” has remarked on the impor-
tance of the excluded energy as follows.

“The contrast at the centre of the
image of a black disc, seen against a uniform
incoherent background is what can be
interpreted as the physical significance of

Ex(§ ). If the energy in the outer rings of the
diffraction pattern is to be examined in details,
it is convenient to focus more on the exclude-
denergy rather the encircled energy. This
aspect has made the study on Ex(§ ) more
useful, in various techniques of apodisation, to
change the ring structures in a pre-determined
way. The study of Ex(§ ) is also useful in
several photometric analysis. Relative encircled
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energy the most important corollary of the Point
Spread Function (PSF) is the “Relative
Encircled Energy”. It measures the fraction
of the total energy in the PSF. , which lies within
aspecified radius *8" in the plane of observation
or detection. We will designate this important
parameter by the symbol REE(S). Lord Rayleigh*
was the first to point out the importance of the
encircled energy factor to find the illuminations
in the various rings of the diffraction pattern
and presented a formula for calculating the
same.

When a converging spherical wave is
diffracted by a circular aperture the classical
theory of focusing predicts that light energy is
highly concentrated in the geometrical focal
plane. It means that there is a maximum amount
of energy within a receiving circle of a given
radius centered at the aperture axis and placed
in the geometrical focal plane which contains
more energy per unitarea than any other plane
parallel to it. Thus, it comes out that the EEF(%)
is the primary corollary of the and is the factor,
which describes the integrated behavior of the
point source diffraction image. It is a sensible
image quality evaluation parameter of an optical
system, with this phenomena Excluded energy
Factor, Relative Encircled energy are very
close to Encircled energy we have studied in
this paper these two parameters. Murthy’ was
investigated the PSF Based corollaries viz
Encircled energy Excluded energy and energy
increment in the presence of defocusing by
employing co-sinusoidal amplitude filters,
Karunasagar® has studied the Encircled energy
Relative encircled energy and Excluded energy,
Displaced energy and zonal increment for
rotationally symmetric Ratnam” similar studies
have been carried out for multiple coded
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apertures (MACA)and complimentary multiple
annulicoded apertures (CMACA). Steal® and
Mehatha® have studied the encircled energy
in the Fraunhoper diffraction pattern with
circular apertures with triangular apodisation
filters Surender, Seshagiri Rao and Mondal'°
have studied the encircled energy and its
complimentary quantity, Excluded energy using
Lanczos apodisation filters. Keshavulu!' was
investigated the encircled energy in the
presence of individual and the combined effects
of defocusing and primary spherical aberration
in the case of optical systems apodised by shaded-
aperture systems. V.N Mahajan'2 have obtained
a closed form solution for the excluded power,
using the well-known recurrence relations of
Bessel functions of the first kind.

P. Thirupathi'® has been investi gated
Encircled energy factor in impulse response
functions of optical systems with first-order

parabolic filters, thatis f(r) = (a+ fr?).In
our investigation we are using filter function
S(r)=(1- fr) and get results for Excluded

energy Factor, Relative encireled energy, we
have discussed the results with figures and
tabular. This paper organized as fallows. In
section 2, mathematical expressions for
Excluded energy Factor and Relative Encircled
energy, in section3, given results and discussions.
We have given important conclusions in
section4 finally, suggested applications given
in section5.

2. Mathematical formulations:

Excluded Energy can be represented
mathematically as
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Ex(8)=1- EEF (5) @1

Where EEF () is Encircled Energy Factor it
is denoted as

o
]

Where G(0, z) is the amplitude in the image
plane at a point z, it is defined'* as

|zdz

EEF (6)=1 2.2)
G. (0 z

.,
Fa

1

2(f(r)J, (2r)rdr

0

G(0.Z)= (2.3)

Where f(r) is the pupil function which defines
the nature of transmission over the pupil of the
aperture of the optical system the pupil-function
7 (r) can be mathematically represented as

fr)=0-pr)

Where £ is the apodisation parameter
which controls the amplitude transmission of
the pupil and r is the normalized distance of a
point on the pupil from its centre and J,, (Zr)
is the Bessel function of the first kind with
zero order for the argument (Zr) finally from
equation (2.1) and (2.2) we get the mathematical
expression for Ex[8]. Relative Encircled
energy is defined as the ratio of the light energy
within a specified circle of radius & centered
on the diffraction head due to the non-airy pupil
to the total light energy in the diffraction pattern
due to the Airy-pupil. Mathematically, it can
be represented as:

(2.4)

é
[G,0.2)] 2dz

REE(S)=L
[1G1(0.2)|" zdtz
0

(2.5)

Where the subscripts 4 and F stand for Airy
filtered and non-airy pupils respectively. It has
been observed that for rotationally symmetric
pupil functions,

ForAiry pupil function the apodisation parameter
B values are difference from zero, Non-airy
pupil function the apodisation parameter /3
values are equal to zero in this case the numerator

function G, (0,z) is defined as below,

1
G (0,2) = 2 [Jo(aryrdr (2.6)
0
Substituting amplitude functions in both cases
airy pupil and non-airy pupil in equation (2.5)
then we getcorresponding results for Relative
Encircled energy.

Results and Discussions

Excluded Energy Factor: We have
used the expression Ex(d) =1-EEF (5) for

evaluating the excluded energy Ex(5). The

results have been shown in the figure 1 and
the table 1 for various values of the apodisation
parameter . For lower values of § in the range
0 <6 < 4,the Ex [3] decreases very rapidly.
From >4.0 upto12.0, the factor indicates that
the energy displacement is outward while the
negative sign indicates that the energy displace-
ment is inward. This factor is useful to compare
the energy distribution in the case of actual
optical imaging systems to that of perfect systems.
This is a more sensitive quality factor in the



46

case of central obscuration in the aperture.

Relative Encircled Energy Facor
REE(5): We used the equation (2.5)

Forevaluating the Relative Encircled
energy, the results have been shown in figure
2 and the table 2. For non-Airy Pupil function
thatis apodisation parameter 3=0 for various
values of § gives same value of Relative
Encircled Energy, for high value of § that is
6=15 with various values of 3 then the Relative
Encircled energy become identical it is evident
for convergence. For lover values of & in the

range |1 < & < 3 theRelative Encircled energy
decreases up to 0.67. For higher value of & in
therange 4 < § < 14 thenthe Relative Encircled
energy increases and instantly small decreasing

after that Relative encircle energy become
identical and it goes to infinite.

Conclusions

The pupil function f(r) = (1 - ﬂr) is
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rotationally symmetric. For higher values of
with various values of B then the Excluded
energy factor and Relative encircled energy
both increases monotonically and becomes
identical it happens with the effect of our
consideration filter function and Bessel
function.

Suggested Applications:

In Microscopy: Due to the difficulty
of finding resolution of the point like radiating
sources, experimental determination of the
shape of PSF in microscopy, is usually tricky.
The most compact diffraction-limited shape of
the PSF is desirable, if not essential. To achieve
this goal, theoretical models presented in this
thesis, make the detailed calculations of the
PSF under various imaging conditions, possible.
Further, by using appropriate optical elemenrs,
e.g., a spatial light modulator, the shape of the
PSF can be engineered towards different
applications.

Ex(8)
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Fig. 1. Excluded Energy Factor with & various values of B
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B=0

B=0.1

B=02

B=03

p=04

B=0.5

B=0.6

B=0.7

3=0.8

B=09

B=I
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0.77447
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Fig. 2. Relative Encircled Energy with 8 various values of
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Table 2

1 | 0.76943| 0.76987) 0.77073| 0.77217| 0.77447]| 0.77801| 0.78337| 0.7914 | 0.80329| 0.82064 | 0.84521

d | b=0 b=0.1 [b=02 [b=03 [b=04 |b=05 [b=06 [ b=0.7 | b=0.8 | b=0.9 |b=I

1 1 09981 10.9944 09881 [09781 | 09628 | 09395 | 0.9047 | 0.8531 | 0.7779 |0.6713

24 4 1.0033 | 1.0056 | 1.0063 | 1.0044 | 0.9984 | 0.9861 | 09638 | 0.9263 | 0.8662 |0.774

3 1 1.0104 | 1.0209 | 1.0514 | 1.0411 | 1.049 [1.0534 | 1.0512 | 1.0375 | 1.0048 |0.9423

411 1.0134 | 1.0278 | 1.0434 | 1.06 1.077 |1.0936 | 1.1081 | 1.1171 | 1.1149 | 1.0924

5 1 1.0087 [1.0184 | 1.0291 | 1.0409 | 1.0538 | 1.0676 | 1.0816 | 1.0946 | 1.1039 | 1.1048

6 1 1.0043 | 1.0092 | 1.0146 | 1.0207 | 1.0274 | 1.0347 | 1.0423 | 1.0499 | 1.0561 | 1.0588

7 1 1.0037 | 1.0079 | 1.0125 | 10176 | 1.0233 [ 1.0295 | 1.0359 | 1.0421 | L0471 | 1.0489

8 1 1.0032 | 1.0067 | 1.0106 | 1.0151 | 1.02 1.0253 | 10309 | 1.0364 | 1.0409 | 1.043

9 1 1.002 | 1.0042 | 1.0067 | 1.0094 | 1.0124 | 1.0156 | 1.019 10221 | 1.0245 [ 1.0252

10| 1 1.0017 | 1.0037 | 1.0058 | 1.0081 | 1.0107 | 1.0134 | 1.0161 | 1.0185 | 1.0202 | 1.02

1] 1 1.0015 | 1.0032 | 1.0051 | 1.0072 | 1.0094 | 1.0119 | 1.0144 | 1.0168 | 1.0187 | 1.0191

12| 1 1.0008 | 1.0016 | 1.0025 | 1.0036 | 1.0048 | 1.006 1.0074 | 1.0087 | 1.0098 | 1.0103

13] 1 1.0004 ] 1.0009 | 1.0015 | 1.0021 | 1.0027 | 1.0034 | 1.0042 | 1.0049 [ 1.0055 | 1.0057

14] 1 1.0004 | 1.0008 | 1.0013 | 1.0018 | 1.0023 | 1.003 1.0036 | 1.0043 | 1.0048 | 1.005

5] 1 1 1 1 1 1 1 1 1 1 1
Acknowledgement to Osmania University, for Ph.D (1992).

The authors are grateful to Prof. P.X
Mondal, Director, Mondal Institute of Optics
(MIO), for suggesting this problem, providing
with the relevant literature and valuble
discussions.

References

1. Wetherell, W.B., In “Applied Optics and
Optical engineering”, Vol. VIII Academic,
Press, New York, Editors, R.R. Shamon,
and, J.C. Wyant). p.212,272,215,202,207,
209, (1980).

2. Dossier, B., Rev. Opt., 33, 57, 147 and
267 (1954).

3. Surendar, K., Ph. D Thesis, Osmania
University, Hyderabad, India (1986).

4. Rayleigh Lord, Phil. Mag. 8, 261 (1879).

5. Murty, PV.V.S,, P.32, in Thesis entitled
“Studies On Diffracted Field and Imaging
Charecteristics of Optical Systems with
Cosinusidal Apodisation Filters” presented

a0

10.

11.

13.

. Karunasagar, D., P. 62, Ph.D, Thesis”

Studies on the Performance of Optical
Systems apodised with generalised
Hanning amplitude filters (2003).

. C.V.Ratnam, “Fourier Analytical Investi-

gations on The performance of Multiple-
Annuli coded Apertures in Multiplexed
Tomography™, Ph.D. Thesis Thesis, Osmania
University, Hyderabad, India, (2005).
Steel,.W.H., Opr. Acta. 3, 65 (1956).

. Mehta, B.L.., Atti Fond. G. Ronchi, 30, 17

(1975).

Surendar, Sheshagiri Rao., Mondal, PX.,
Acta Cienca Indica 18, p.6134 (1992).
Keshavulu, Ph.D. Thesis Osmania
University. India (2001).

. V.N. Mahajan, “Diffraction Theory of

Optical Images and Aberrations™, Part-II,
SPIE Press, Massachusetts, U.S.A. (2004).
P. Thirupathi, Vol. 3 (6). Pp.3935-3943.,
Advances in applied science And research
(2012).



