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Abstract

In this paper for the first time groupoid semirings using chain
lattices as semirings are introduced and their properties are analysed.
Here chain lattices are used as semirings and groupoid semirings are
non associative semirings of finite order, as both the groupoids G and

the chain lattice are of finite order.
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1. Introduction

In this paper a study of groupoid
semirings using chain lattices as semirings is
carried out. At the outset groupoids do not have
identity element and as all groupoids considered
here are only of the form {Z,, *, (t, 5)}; 0 €
Z, by 0 *g = 0 so this 0 is defined as a pseudo
zero of the groupoid.

The basic definition of chain lattices
and groupoids can be had from!3#5, All chain
lattices used are also of finite order. Just for
the sake of completeness the definition of
groupoid semirings is recalled. It is important
to mention at this juncture that groupoids in
general may not contain the identity element.
So while defining the concept of groupoid
semirings some sort of difficulty is experienced.
However such study is also interesting and
innovative. This paper has three sections.

Section one is introductory in nature. Section
two give all properties enjoyed by groupoid
semirings C,G. The final section gives
conclusions based on our study.

2. Groupoid Semirings using Chain Lattices
as Semirings :

Definition 2.1: Let (G, *) be a
groupoid of finite order; G may or may not
contain identity. Let C, be a chain lattice
of order n. Let C,G = {Collection of all finite

formal sums of the form Z a;g; ;o € Chand

gi G}. Define two binary operations + and
x on C,G

For

o= Z|: ag, and g = Z B9, € CiG;
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a+ = Z aigi+Z Bidi

= Z (ai + B)gi
(o6, B eChand ai + i = ai U i € Cy)

= Z (o5 U Ao
a+0 = Z ag, + 0
= Z (o L 0)g

= Z agi=a; 0 e Cp.
o x B =agi x Z po

=2 79,
k

where 3, = aiff = ai» f € Cy and gk = g
*gj e G

Clearly0 a =0 =0 afor all o €
CiG. 0 € Cn. 0 = go € Zy is defined as the
pseudo zero as g, * g # 0 forg € G

Asl eCy 1l g € CiG thus G <
CnG; however as 1 may or may not be
present in G; C, z C,Gif 1 g G

Thus {C,G, +, x} is defined as the
groupoid semiring of the groupoid G over
the semiring C,.

The following observations are
essential.
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i. C,G is a non-associative semiring.

ii. C-,G may or may not contain identity
element; C,G has Lifand only if 1 € G

iii. C,G is commutative if and only if G is
commutative.

iv. As1 C,G since G has no identity C,G is
never a non-associative semifield.

Thus C,G in general is a non-
associative, non commutative semiring without
identity.

This method enables one to obtain
semirings which are non-associative in a non
abstract way. Since both C, and G are of finite
order the groupoid semiring C,G is of finite
order.

This situation is represented by the
following examples.

Example 2.1: Let G ={Z0, *, (2, 6)}
be the groupoid. Ce be the chain lattice; C,G
is the groupoid semiring of G over Cg.

Order of C¢G is of finite order. Let
Cs=0<a<a<az<a<l
Let

10
O‘:Z agi = a6 +al+ a7
i=1
and
ﬂ=a36+a49+a45+1 3 €CqG.
a+fp=ab+a,l+a, 7+ a3 6+ as 9
+a,5+13
—a 1+13+a9+a,5+a,7
+(a1 ua3)6
a l1l+13+a,9+asb5+a7
+ a3 6 e CsG.
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aff = axf

:(a16+a21+a27)x(a36+a49+a4
5+13)

= (8.1 ﬂag) (6 * 6) + (az 8.3) (1 * 6)
+(a2ma3)(7*6)+(a1ma4)6*9
+(@na)1*9+ (@ na)7*9
+(alma4)6*5+(a2ma4)(1*5)+
(azma4)7*5+(a1m1)(6*3)+
@n1)@*3)+@nl)((7*3)

Zaa(2x6+6x6)+a,(2x1+6 x6)
+a,(2x7+6x6)+a;(2x6+6x
N+a(lx2+9x6)+a(7x2+9
x6)+a; (2x6+5x6)+a, (1 x2+
5x6)+a (7 x2+5x6)+
a1 (6 x2+3 x6)+a (1l x2+ 3 x6)
+a; (7 x2+ 3 x6)

= ay8+a8+a 0+ a6+ a6+ a8+
a2+ a2+ad +a 0+a, 0+ a2

= (8.1 ua2)8+0+(a1 ua2)6+(a1u
a1)2+a14

= 0+ a8+ a6 + a2 + ad € CsG.

v |
This is the way + and x operation is
performed.

Clearly a+ p=p+ aforall o, g €
CeG. Thus (CeG, +) is a commutative
semigroup in fact a monoid.

Now « # Ba in general for , € CéG.
Consider
pa=pxa
=(a36+a49+a45+13)x(a16+a21
+ 8.27)

:(8.3 ma1)6*6+(a4ma1)9*6+(a4m
a1)5*6+(1ma1)3*6+(a3ma2)
6*1+(a4maz)9*1+(a4ma2)5*1
+(1ma2)3*1+(a3ma2)6*7+
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(a4ma2)9*7+(a4ma2)5*7+(1
Aay)3*7
= a8+ a4+ a6+ a2+ a8+ a4+
a6 + a2 + a4+ a0 + a2 + a,8 (az
a = az)
= (8.1 ua2)8 + a0 + (3.1 ua2)4 + (al (]
32)6 + (al ua2)2
= a8 + a0 + a4 + a6 + a,2
W
I and Il are equal so for this e and g;
axpB=pxa=af= Pa
Let a=1.3and g =15 e CeG;
axp = 13x15
(1~1) @ *5)
1(6 + 30)
16 e |
xo = 15 x1.3
1n1) (5x2+3x6)
1.8

(1 T e~ | I T 1|

.l
I and Il are not equal so axf = f x a.

Itis proved (a x B) x y=a x (B xy)
in general for «, B, ¥ € CéG.
Let a = ai4, = a2 and y = as5 € CsG.

Let
ax(Bxy)=a1d x(@ 2 xazb)
= a4 (al M ar (2 * 5))
= ad*(2x2+5 x6)
= a (4 *4)
= a1 (4 x2+ 4 x6)
= a2 o

(axpP)xy = (a1 dxa2) xaz5
= (a1 may) 4*2) xas -5
= a1 (2 x4+ 2 x6) xasb
= (8.1 N 8.3) (0 * 5)
= a6 x5 =a,0 G
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I and Il are not equal. So (a x B) x ¥
#ax(fxy fora B, v e CeG.

Clearly ai0 =0 for 0 G and a; € Cs.

Example 2.2: Let G = {Zu, (3, 0),
*} be the groupoid of order 11. Let Cs = {0 <
a1 < a2 < az< 1} be the chain lattice. CsG is
the groupoid semiring of the groupoid G over
the semiring Cs. This is the way operations
are performed on CsG.
Let
a= a9 + a,10 + az6 + a8
and
ﬂ = a5 + a37 € CsG
a Xﬂ = (a19 + a,10 + az6 + 328) X
(a25 + 337)
=a1maz(9 x3+0)+a2ma2(10x
3+0)+ (asnay) (6 x3+0)+ (as
Maz) (8 x3+0)
= a5+ a8 + a7 + az2 A

Bxa= (a5 + a,7) x (a19 + a210 + az6
+ 8.28)

= (azmal) (5*9) + (a3 mal) (7 *9)
+ (az N az) (5 * 10) + (ag N az)
(7 * 10)+(az nas) (5* 6)+(az Ma,)
(7*6)+(@,na)(5*8) + (N
a,) (7 * 8)
a:10 + a;3 + a,10 + a3 + a,10 +
az10 + a,10 + a,3
az10 + a,3 |

Iand Il are distinct, so a x = B x
for o, B € CsG.

INCsG (ax x B) xy=ax (B xy);in
general for o, B, y € CsG.
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Definition 2.2: Let G = {Z,, *, (t,
s)} be the groupoid. C, be a chain lattice.
CnG be the groupoid semiring. For a, § €
CiGif a x f=goin G then a x Sis pseudo
zero divisor of C,G.

Theorem 2.1: C,G be the groupoid
semiring. C,G can have pseudo zero divisors
but no zero divisors.

Proof: The result is true from the
following example 2.3.

Example 2.3: Let G = {Zg; (0, 3), *}
be the groupoid of order 6. C; ={0 <a; < a,
< asz < a4 < as < 1} be the chain lattice of
order 7. C;G be the groupoid semiring of the
groupoid G over the semiring. C,G is a one
sided pseudo zero divisor. a=5and f =4
C.G

axf = 5*4

= (5*4)

= Jo |
B> a = 4*5

= (4x0+5x3)

= 3 )

ax fB#p %o ax fgives a one
sided pseudo zero divisor but 8 x a =g,

So groupoid semirings can have left
pseudo zero divisors which are not right pseudo
zero divisors.

Example 2.4: Let G = {Zx, *, (19,
2)} be the groupoid of finite order.
C10={O<a1<a2<... <ag<1}bethe
chain lattice. C1oG be the groupoid semiring
of G over Cyo. C10G has a collection of pseudo
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zero divisors.
T={(g,9) /g € Zx} is such that x * x = go
forall x T.

Suppose (19, 2) in example 2.4 is
replaced by the pair (7, 14) can one find more
pseudo zero divisors. The answer is yes.

For {(3, 3), (3, 15), (3, 18), (3, 6),
(3,9), (3, 12), (6, 15), (6, 18), (6, 6), (6, 9),
(6, 12), (9, 15), (9, 18), (9, 6), (9, 12), (9,
9), (12, 15), (12, 3), (12, 6), (12, 12), (12,
9), (12, 18), (15, 3), (15, 6), (15, 12), (15,
9), (15, 15), (15, 18), (18, 3), (18, 6), (18,
9), (18, 12), (18, 15), (18, 18)} = W < C1,G
is such that x xy = go for every (X, y) e W,
here in the groupoid (19, 2) is replaced by (7,
14). By default of notation represent (X, y) €
W by ax + ay, aj, a; € Cio.

For instance take x = (18, 9) and y =
(12, 6) e W.

Let x = ag18 + a9 and y = a-12 + as6.
X xy = (218 + a29) x (a112 + a,6)
=(as maz) (18 * 12) + (a1 n a,)
(9 *12) + (as N ay) (18 * 6)
+ (az N az) (9 * 6)
—a [18 x7+12 x14] +a, [9 x7 +
12 x14] +a; (18 x7+ 6 x14) + a,
(9 x7+6 x14)
= a1 (9,) * (9,) + a2Ag,) + a2 (9,)
=(muvluauva,)g,
= go_

Thus C410G has pseudo zero divisors.

Further in case of G = {Z, *, (7,
14)}, X = a3 + a6 + a39 + a,15 + as18 +
asl2 € C1oG is such that x x x = {go}-
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Now if the pair (7, 14) is replaced by
(3, 18) then also C10G has many other pseudo
zero divisors. But the above mentioned x is
not a pseudo zero divisor if (7, 14) is replaced
by (3, 18).

Thus if G = {Zn, *, (t, S)}; m a non
primet+s=go=0 e Zy. tands divisors or
mor (t, m) = d and (t, m) = d then C,G for
any chain lattice. C, has nontrivial pseudo zero
divisors which is stated and proved in the
following theorem.

Theorem 2.2: Let G = {Zn, * (t, )}
(manon prime,t+s=0=go tands are
non primes in Zy) be the groupoid. C, be
the chain lattice. C,G be the groupoid
semiring. C,G has nontrivial pseudo zero
divisors, pseudo right zero divisors or
pseudo left zero divisors some of which are
also pseudo nilpotents of order two.

Proof: Given m is a non prime and t,
S € Zy are non primes such that t + s = go
(mod m). C,G is the groupoid semiring of the
groupoid G over the semiring Cp,.

Let x = ajp; + ajp. + awps + aps and
y = agps + aPs + aipr + aps €CyG; such that
pit go mod m and pis =go mod m (1 <i <8).

Clearly x xy =y xx=ago = Qo if &
=g = =a=a =a =a =1 Thus C,G
has pseudo zero divisors.

This is illustrated by some examples.

Example 2.5: Let G = {Zx, *, (6,
18)} be the groupoid of order 24. Cg = {0 <
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a1 < a2 < ... < ag < 1} be the chain lattice
and CgG be the groupoid semiring of the
groupoid G over the semirings Cs.

Let x = az4 + as8 + agl2 + a;20 and
y = {8.620 + a;12 + a78} e CgG.

Clearly x xy = go alsoy x = go.
Further x x x = goandy xy = g are pseudo
zero divisors of C,G.

Hence the claim in the theorem is true
in case of this groupoid semiring CsG.

Next the condition for these groupoid
semirings to contain idempotents is first
illustrated by some examples and then the
essential related theorem is given.

Example 2.6: Let G = {Zi0, *, (5,
6)} bethe groupoid. Cs={0 <ay<ay<az<
as < 1} be the chain lattice. C¢G be the
groupoid semiring.
Let x = a;6 € CsG.
X X X= 316 X 8.16
= (a1 N a:)(6 * 6) = &b = x.

Thus x is an idempotent in C¢G. Every
t € Zyp is an idempotent in C¢G. In fact ail,
a2, a3, ...,a9 €eCeG; 1 <i<danda =1
are all idempotents of CsG. Thus there are 45
such idempotents.

Consider

a3 x au3 = (a4ma4)(3 x5+ 3 X6)
= a4 (15 + 18)
= a3

is again idempotent of CeG.

In fact 0 = go € CeG is termed as the
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trivial idempotent.

HenceB={an/a=1lorl <i <4
and n =0, 1, ..., 9} < CsG is just an
idempotent groupoid under product. However
B is not closed under addition. In fact B under
‘+” will generate the whole of C¢G.

Example 2.7: Let G={Z3, (4, 10),*}
be the groupoid of order 13 and Cs = {0 < a;
< a; < az < 1} be the chain lattice of order 5.
CsG be the groupoid semiring of groupoid G
over the semiring Cs. B = {8,0i / gi € Z13, a
€ Cs} are all idempotents of C.G.
Let x = as7 e CsG,
XxX = az’ x az’

ds M as (7 * 7)

= as (7 x4 + 7 x10)

as’.

Letx =a6andy = a,10  B.

Xxy= a®b xal0
= aMaa (6*10)
= a; (6 x4 + 10 x 10)
= a;7 € B.

yxx = 10 x a6

= almaz(lo*ﬁ)
= a, (10 x4 + 6 x 10)
= a3 €B.

Clearly x xy #y x x thus B is a non
commutative idempotent groupoid semiring of
order 49. However B will generate whole of
CsG under +.

Here a characterization of groupoid
semirings C,G to have pseudo zero divisors,
right pseudo zero divisors and left pseudo zero
divisors is given.
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In view of all these; the following
theorem is true.

Theorem 2.3: Let G = {Zn, * (1, ) /t
+ 5 =1 (mod m)} be the groupoid. C, be the
chain lattice of order n. C,G be the
groupoid semiring.

B={ag/a €eChandg € G} cC,Gis a
non commutative idempotent groupoid
under x.

Proof: Let C,G be the groupoid
semiring. B = {aig /ai € C,, g € G} c C,G.

Let x = aig € B;
XxX = aig x ag
= ainai(g™9)
= ai (tg + sg)
= ai [(t +s)g] mod m
= aig = X.

Thus every element in B is an idempotent under
X

Further let x = ajg and y = ajh € B.

Xxy = ag xah

aina(g*h)

akk (where a, = a; if & < g
gifgg<aandg*h=Kk e Zy).

Clearly axk € B. Thus B is a groupoid
under x. Since G is a non commutative
groupoid B is a idempotent non commutative
groupoid of finite order.

Corollary 2.1: Let C,G and B be as
in theorem. B/=(n-1) x m + 1.
Proof is direct.

Next substructures of these groupoid
semirings are analyzed. First subsemirings of
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groupoid semirings is studied in the following.
Presently some examples to this effect are
given.

Example 2.8: G = {Z12, *, (10, 8)}
be the groupoid. Cis ={0 <a;<ay < .. <
ai4 < 1} be the semiring. C16G be the groupoid
semiring.

P1 = {CleHl /H1 = {0, 4, 8} QG} (e
C16G is the subsemiring of C16G. P, = {C1H2
/H2={0, 2, 4, 6, 8, 10} c G} < C1sG is the
subsemiring of C16G.

Example 2.9: Let G = {Z1,, * (2,
10)} be the groupoid. Ci; =0<a;<a; < ...
< aip < 1 be the chain lattice. C1oG be the
groupoid semiring.

Bl = {ClzBl /Bl = {0, 2, 4, 6, 8, 10}
< G} < C1,G is a subsemiring of finite order.

Example 2.10: Let G = {Z,, * (5,
3)} be the groupoid. Co =0<a;<a; < ..<
az < 1 be the semiring. C¢G be the groupoid
semiring.

Let By = {CoH1 /H: = {0, 3, 6} G}
cCyGand B, = {Cg Hy /Hy = {1, 2,4,5,1,
8} < G} < CoG be subsemirings of the
groupoid semiring CoG.

Now the following theorem is proved.

Theorem 2.4: Let G = {Zn, *, (s, 1)}
be the groupoid. Ch,={0 <aj<a < .. <
an-2 < 1} be the semiring. C,G be the
groupoid semiring. C,G has several
subsemirings.
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Proof: C,G be the groupoid semiring.

Let L, = {0, 1} < C, be the sublattice
of Cn. LiG < C,G; clearly LG is a
subsemiring of C,G.

Let L, = {0, aj, 1} < C, be the
sublattice of C,. L.G < C,G; clearly L,G is a
subsemiring of C,G.

Let Ls = {0, aj, &, 1} < C, be the
sublattice of C,. LsG < C,G be the subsemi-
ring of C,,G.

Thus the groupoid semiring contains
several subsemirings.

Corollary 2.2: Let C, = {0, 1} be a
two element lattice and G be any groupoid.
C,G is a groupoid semiring of G over the
semiring C..

Proof: Let C,G be the groupoid
semiring. C, has no sublattices. If G has
subgroupoids then C,G has subsemirings.

If G has no subgroupoids then {(g; +
g2 + ... +gn), 0} is a subsemiring where G =
{01, 92, ..., gnyand G * G = G

Next topic of study is to find right(left)
ideals of the groupoid semirings.

First this situation will be described by
some examples.

Example 2.11: Let G be a groupoid
given by the following table.
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* Qap a; a» as
dg dp Az a; ai
a1 d2 Ai dg Aas
dy dpo Az ad; ai
ds d2 Ai dg Aas

P. = {ao, a2} and P, = {ai, as} are only left
ideals of G. LetCyy={0<ay<a;<..<ass
< 1} be the chain lattice. C5,G be the groupoid
semiring. CyP; and CxP- are both left ideals
ObeoG.

Example 2.12: Let G be the groupoid
given by the following table. Cip = {0 <a; <
a; < ... < ag < 1} be the chain lattice.

* Qap a; a» as
dg dp Az adg a»
ai dsz Ai as ai
dy dx dg Az Adgp
dsz d; Az a; as

P. = {a0, a;} and P, = {a, as} are right
ideals of G. C1oP; and CyoP, are both right
ideals of the groupoid semiring C10G. Both are
not left ideals of C10G.

Next examples of ideals in C,G of a
groupoid semiring is given.

Example 2.13: Let G = {Zs, *, (2,
4)} be the groupoid. Cy ={0 <a; < a; < ...
< ag < 1} be the chain lattice. C11G be the
groupoid semiring.

P.={a0+al+ a2+ a3+ a4,0,
ar, ai, aj, a, a1 € Cy} is an ideal of C11G.

The proof of this follows by analyzing
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the table and using the properties of the chain
lattice.

A OWODNEFE O X%
Wk A~ADNOO
NOWERFR M~
R RANOWDN
SOwWkrLrh~AMNW
ANOWEF &

For instance if x = (a0 + a41 + as2
+ a3 + 334) eP.
Let y = ad + ag3 € C;G
Xxy =(a2 N alo) (0 * 4) + (a4 8] alo)
(1 * 4) + (a5 N 8.10) (2 * 4)+ (3.1 N 8.10)
(3* 4)+ (8.3 N 8.10) (4 * 4) + (az N ae)
(0*3)+(a4ma6) (1*3)+(a5m
ae) (2 * 3) + (al N ae) (3 * 3) + (ag
A ag) (4% 3)
= al+ a3+ a0+ a2+ ad + a2 +
ad + asl + a;3 + az0
= (az ua5)1 + (a4 ua1)3 + (a5 uag)O
+ (al ua2)2 + (ag ua4)4
= asl+ a3+ as0 + a2 + aud € P.

Hence the claim.

Now on similar lines y x x e P. Thus
P is an ideal of C;G.

Example 2.14: Let G = {Zi, *, (3,
7)} be the groupoid. Ci; ={0<a1<a; < ...
< ajo < 1} be the chain lattice C;,G be the
groupoid semiring.

C12G has no left ideals or right ideals.

P={O, ai10+ai21+ai32+... +ai9
9 /aije Cu \ {0}; } € C12G is an ideal of
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C1.G.

To find right ideals which are not left
ideals and left ideals which are not right ideals
is carried out first by example then by theorem.

Example 2.15: Let G = {Zss, (2, 2),
*} be the groupoid. Cg be the chain lattice.
CyG Dbe the groupoid semiring. CoG has ideals
given by P ={0, 2, 4, 6, 8, 10, 12, 14} c G
is such that CoP is an ideal of CoG.

Example 2.16: Let G = {Zu4, *, (3,
3)} be the groupoid. C,, be the chain lattice.
C12G be the groupoid semiring. C1,G has
ideals as P = {0, 3, 6, 9, 12, 15, 18, 21} c G
is an ideal of G and such that C1,P is an ideal
of C1,G.

In view of all these the following result
is proved.

Theorem 2.5: Let G = {Z,, (t, t); *}
be the groupoid. C,, be the chain lattice.
CmG be the groupoid semiring. CnG has
ideals of the form C.P if t/n.

Proof: If t/n then G has a subgroupoid
generated by P (say P). Then C,P < CnG is
an ideal of C,G.

Hence the claim.

Corollary 2.3: If t X n then G has

no subgroupoid. Thus CnG has no ideals
of the form C,P; P c G

Corollary 2.4: If n is a prime; G has
no subgroupoid. So CG has no ideals of
the form C.,P; P = G.

The corollaries are clear from the fact
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G ={Z,, (t, t), *} has no subgroupoids if (n, t)
= 1. This always occurs when n is a prime
number. Thus C,G has no ideals of the form
CnP; P =G; P an ideal of G.

Example 2.17: Let G = {Zss, (0, 7),
*} be the groupoid. C;s be the chain lattice; 0
<a<a<..<az<l

CnG be the groupoid semiring. As G
has no subgroupoids, so CG has no ideals of
the form C,P; P an ideal of G.

Example 2.18: Let G = {Z;s, (0, 5),
*} be the groupoid. Cis =0<a; < ...<a;s<
1 be the chain lattice and C15G be the groupoid
semiring.

P ={0, 5, 10} < G be the ideal of G.
CnP is an ideal of C,,G.

If (0, 5) is replaced by (3, 0) then P
={0, 3,6, 9, 12} cGisanideal of G. C,P is
an ideal of C,,G.

If (2, 0) is taken then G has no
subgroupoids and C,G has no ideals of the
form C,P.

In view of all these the following result
is proved.

Theorem 2.6: Let G = {Zn, *, (t, 0)}
be the groupoid. C, be the chain lattice.
CnG has an ideal of the form C,P if and
only if t / m.

Proof: P is an ideal of G if and only if
t/m.
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Hence C,P is an ideal of C,G if and
only ift/ m.

Corollary 2.5: Let G = {Z,, *, (t, 0)},
p a prime. C, be the chain lattice. C,G has
no ideals of the form C,P.

Proof: Follows from the fact for no t
€ Zy \ {1} is such that t / p.

3. Conclusions

In this paper for the first time the
notion of groupoid semirings using semirings
as lattices is constructed. Several important
properties in this direction is developed. This
is a class of finite non associative semirings.
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