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Abstract

A good number of generating functions involving Jacobi,

modified Jacobi polynomials have been derived by various researchers
using Weisner’s group-theoretic method. In this paper, we have studied

Pn(aJrH’B) (x), adifferent modification of Jacobi polynomials by the same
method of Weisner and obtained some novel results by suitable
interpretations of the index, n and the parameter, o. simultaneously.
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1. Introduction

The Jacobi polynomial, p(*“P) (x) defined" by:

-n ; 1+a+p+n ;

'B (1+ )Il 1—
Pn(a )(X) = n—(,x 2F1 ZX
1+a ;
is a solution of the following ordinary differential equation:
d? d
(1-x2) d—X}27+[B—a—(2+a+B)x] d—§+(1+a+B+n)y: 0.

(1)

(2)
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In this paper we consider P**™P) (),

a modification of Prf""ﬁ)(x) satisfying the
following ordinary differential equation:

2
(1—X2)H [B-a-n-2+a+p+n)X]
dx?

dy
— +n(l+a+pB+2n)y=0. 3)
dx

The aim at writing this paper is to
investigate some novel generating functions of

p**™B) (), a modification of the Jacobi
polynomials by using Weisner’s?* group-
theoretic method which is lucidly presented in
the monograph “obtaining generating functions”

by E.B. McBride®. For previous works on Jacobi

polynomials, one may refer to the works®'’.
The main results of this investigation are given
in section-3.

2 Group-Theoretic Discussion:

Replacingi byi o byyi n by
dx ° ox’ ay’
0
2o and PLYP)(x) by by u (x,y,2) in (3),
v/

we get the following partial differential
equation:

02 0
[(1—X2)W+{B —X(B"‘z)}&—YU‘l‘X)

02 02
6y6x+yzazay
+23+8) L — (1+x)z-—
0z 0z 0x
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2
+ 272 ;?] u(x,y,z) = 0. (4)
Thus, u,(x, y, Z) = pn(Ol+H,B)(X) yez" is a

solution of (4), since P“* ™ (x) is a solution
of (3).

Let us now seek two first order linear
partial differential operators Az and A, such that

A3 I:Pn((x‘l'nvﬁ) (X) y(x 7 ]
= a (a,n) PR (x) yar2 gn-1 (5
and

A, [Pn(OHH,B) (x) y* z" ]

=b (a,n) Pn(ﬁn_l’m(x) y*2 zh+1 ()

Using (5) and the relation (18):

A+ (AP ) =np“P

+ (B+n) Pn(ﬁl’m(x) (7)
We easily obtain
0 0
_ 2,-1 g2
A; =(1+x)y*z =V 3

Such that
A [P0 ye 27|

= (B +n) PR () yatz gn-1

Similarly using (6) and the relation®8:
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i (Pn(a’B)(x)) = % [(h+a+p+1)

—x2

(x —1) + 2a] Pn(“'ﬁ)(x)

—2(n+ DPYT"P (), (8)

n+1
We obtain

P 40
A,=(1—-xDy 225— x+1y 120_y

—2xy~2z2 % —1+PEE-1y 2z
Such that

A, [ Pn((x+n.[3) (x) y* z" ]

= -2(n+1) Pn(ﬂn_l'ﬁ)(x) yo=2 zn+1,
To find the group of operators, let us write

a i
Al —_ y a_y, A2 =7 g .
Then we have the following commutator
relations:
[A;,A,] =0; [A;, As] = 2A5;
[Ap A4] = —2A4 [A2:A3] = —Asz
[A,, ALl = A [As A = —2[2A,+ 1+ 8],
where

[A,B] = AB—BA.

From the above commutator relations we can
easily state the following theorem:

Theorem: The set of operators {1,
Aj: 1=1,2,3,4}, where 1 stands for the identity
operator, generates a Lie algebra L.

Now the partial differential operator L, given
by

L=(1-x2) %+ B —x(B+2)} 2

ax

a
—y(1+x) 3 %

(1+x) o +z(3+B) g
XZ@Z 0x z B@z
2 2

27
+yz ayaz+ 27 372

Can be expressed as follows:

(1+x)L= AA; + 2A53+ 2B A,.(9)

It can be easily verified that (1+x) L commutes
with {1, A; : 1=1,23,4} ie.

[(1+x)L, A]=0, i=1234. (10)

The extended form of the groups generated
by A; (i=1,2,3,4) are given below:

e?1h1 f(x,y,z) = f(x, ey, 7) (11)

e®2h2 f(x,y,z) = f(x, y, e*7) (12)
2

e®shs f(x,y,z) = f(% LY, Z— y2a3>

(13)

e f(x,y,2) = [1 - (1 —x) y 2

x+ (1-x)y 2%z a,
1 - (1-x)y?2za,’

za,] Pt f<
y(1 — 2y ?za,)
1— (1—-x)y 2za, '
z(1—2y ?za,)
- A-nyZzay)"

Where all a; (i=1,2,3,4) are arbitrary constants.

Now from the above, we have
ea4_A4_ eagAg eazAz ea1A1 f(X, y, Z)
= [1-(1—-xy?za,]F?
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f(Z{X+(1—X)Y'ZZ aty*az(1-2y2za,) {1-(1-x)y ?za,}

{z—y?az; (1-2y72z ay)} {1-(1-x)y~? z a,}
elly(1-2y~2%za,) €32 (1-2y?%2za,) {z—y?az; (1-2y 2 z a,)}
’ {1-(1-x)y 22z a,}?

1-(1-x)y~2 z a, ) (15)
3 Generating Functions:

From the above discussion, we see that Prf‘”“'ﬁ)(x) y® z" is a solution of the systems:
Lu=0 Lu=0 Lu=0
(A1-a)u=0; (A2 -n)u=0; A1+ A2—a-n)u=0.
From (10), we easily get
S ((1 +X)L) [Pn(oc+n,3)(x) y* Zn] — ((1 + X))L S[PH((HH.B)(X) ye Zn] =0,

where
S — ea4_A4, eagA3 eazAz ealAll

Therefore, S [Pn(”n'ﬁ)(x) y< z“] is annulled by (1+x) L .
By setting a, = a, = 0in (15) and replacing f(x,y,z) by Pn(“J’n'B)(x) y® zh , we get
edsAy @azAs [PH(MH'B)(X) ye Zn]

= [1— (1 =)y ?za,] P19 2"y *(1 = 2y~27a,)**"2" (1 — azy®z~" + 2aza,)"

< P(oH.n,g) (Z{X+(1—X)y_22 ag}+ y?az(1-2y~%zay) {1-1-x)y 2z a4}>
n {z—y?az(1-2y2z a3)} {1-(1-X)y 72 z a4} '

On the otherhand

4By @a3Az [Pn(OH-n'B)(X) yoc Zn]

© r+n

—2a)" (—a.)k
=N N CB kD),

r=0 k=0

x PPy

a+2k-2r Zn—k+r )
Equating the above two results, we get
[1—(1—x)y 2za,] B~17%"20(1 — 2y~2za,)**" (1 — azy?z~" + 2aza,)"

< P(oH.n_g) z{x+(1-X)y "%z az} + y? az(1-2y % zay) {1-(1-x)y~ 2 zay}
n (-v2a; (1=2y 27 ag)] (-(A-07~2 7 ay)

© r+n
(=2a,)" (—ay)" k—
=) Y S I (CBomy (- k1), x PR ) pakear e
r=0 k=0 (16)

Which does not seem to have appeared in the earlier works. Now we consider
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the following three cases:
Case 1: By setting as=1 ; a4=0 and putting y?z*=-t in (16), we get

X — t) _ o (=B —n)y (a+n+kB) ;o k
—_)= E —— P (x) t*<.

I n-k 17)
1+t & K

Case 2: By setting a3=0 ; a;=1 and putting 2 y?z=t in (16), we get

(1 +tn pletmP (
n

t
{y-1-o—B-2n x— (1-%) 5
{1 +(1-%) E} (1 + pyowrn ploatnp) —%
1+ (1 - X) ?
D e
=) BT (18)
r=0

Sub Case : Putting n=0 in (18), we get

y-1-a-B ®
{1 F(1-% E} 1+08= > PP e,
r=0

Finally, using the symmetry relation [1]:

PPO(—0 = (D" BP0,
and then simplifying, we get

{1 1+ E} (1-9f= Y B,
r=0

which is well known Feldhim's'® formula and is also derived by W.A. Alsalam?,
V. K. Verma?! by different methods.

Case 3: By setting a; = _v_lv ; a, =1 and putting y2z-1 =¢=1 in (16), we get
1 n
(1— 2 {t+ ~(1-2 t)} (1—t(1—x)B-1-e-2n

tx+ 1-08 - w(1-20{- 1-01

x PrEcHn,B)
e+ 2 1-29} - A-94

k

© r+n (=2)" (l)
= 2 2 ! Vl‘(’! (—B—n) (n—k+1), xp@+krB iy in-kir
r=0 k=0

r n—-k+r
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