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Abstract

In this paper we extend the Fibonacci recurrence relation to define the sequence {C } and
derive some properties of this sequence. We also define the four comparison sequence {P _}, {Q },
{R_ }, {S,}. Wealso obtain some identities with the help of generating matrix.
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1 Introduction

Woaddili, M.E." has extended the Fibonacci recurrence relation to define the sequence K},
where, K =K +K  +K ,, n>3 (1.1)

and K, K|, K, are given arbitrary algebraic integers.

Jaiswal, D.V.[8] has extended Fibonacci recurrence relation to define the sequence {Q, },
where, Q =Q_,+Q ,+Q ,+Q ,, n>4 (1.2)
and, Q,, Q,, Q, are given arbitrary algebraic integers.

Harne, S.” has extended Fibonacci recurrence relation to define the sequence {D }, where,
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Dn = Dn-l + Dn-2 + Dn-3 + Dn-4 + Dn-S’ n Z 5 (13)
and, D, D,, D, are given arbitrary algebraic integers.

In this paper we shall further extend the Fibonacci recurrence relation® to define the sequence
{C_} and shall discuss some properties of this sequence. We shall also consider the four comparison

sequence {P }, {Q }, {R }, {S }.
2 The Generalized Sequence {C } :
We consider the sequence, {C}=C,C.,C,C,...,C,

where, C, C,, C,, C,, C,, C, are arbitrary algebraic integers all of which are not zero and
Cn = Cn—l + Cn-z + Cn-3 + Cn_4 + Cn—S + CH_G’ n Z 6 (2 1)

We also consider the sequence {P } =P, P,P, ...,

P
where, P,=C,~C,~C, ~C,P,=C,~C,~C,~C, P,=C,~C,~C,~C,
4

P3=CG—Cz—C4—C3’P4=C7—C6—C52— (2.2)
with, P =C +C +C +C +C ., n>5 (2.3)
and Q) =Q,Q,,Q, ... Q, where, Q,=C,-C,-C,-C, -C,

Q=C-C-C-C-C Q=C-C-C,-C-C, (2.4)
with, Q =C +C  +C . +C_,, (2.5)
and {R}=R,R,R,...,R
where, R, =C,-C,-C,-C,-C -C, R =C, -C,-C, -C,-C, -C,

R,=C -C,-C,-C,-C,-C,, R,=C,-C -C -C,-C,-C,

R,=C,-C,-C -C,-C,-C,

with, R =C +C ,+C ., n>3 (2.6)
and {S}=S,8,S,, ..., S, 2.7

where, s, =C,-C,-C,-C,-C,-C,-C, S =C,-C,-C,-C,-C,-C,-C,

1

s,=¢C,-C,-C,-C,-C,-C,-C, 8,=C,-C,~C,-C,-C,—C,-C,

S,=C,-C-C-C -C,-C,-C, (2.8)
with, S =C_ +C_,, n>2 (2.9)
From (2.1) and (2.3) we have for n > 11

Pn - Cn—2 + Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7+ Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7 + Cn—8

+ Cn-4 + Cn-S + Cn-6 + Cn-7 + Cn-8 + Cn-9+ Cn-S + Cn-6 + Cn-7 + Cn-8 + Cn-9 + Cn-lO
+ Cn-6 + Cn-7 + Cn-8 + Cn-9 + Cn-lO + Cn-ll

Pn = Pn-l + Pn-2 + Pn-3 + Pn-4 + Pn-S + Pn-6
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Now, from equation (2.2) and (2.3),
P10 = (C8+C7+C6+C5+C4)+(C7+C6+CS+C4+C3)+(C6+C5+C4+C3+ C2)+
(C5+C4+C3+C2+C1)+(C4+C3+C2+C1+C0)+(C7'C6'C5'C4)
P10:P9+P8+P7+P6+P5+P4

Similarly, P,=P,+P +P +P, +P, +P, P.=P +P +P +P, +P +P,
P=P,+P . +P, +P +P +P
Hence, we have for n > 6 p=pP +P +P +P +P  +P (2.10)

Proceeding on similar lines, it can be shown that for n> 6.

Qn - Cn—2 + Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7+ Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7 + Cn—8

+ Cn—4 + Cn—S + Cn—6 + Cn—7 + Cn—8 + Cn—9+ Cn—S + Cn—6 + Cn—7 + Cn—8 + Cn—9 + Cn-lO

Q= Q,+Q.,+Q . +Q , +Q  +Q  forn>6 (2.11)
Proceeding on similar lines it can be shown that for n> 6

Rn - Cn—2 + Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7+ Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7 + Cn—8

+ Cn.4 + Cn-S + Cn-6 + Cn-7 + Cn-8 + Cn-9

R= R +R_+R _ +R +R +R forn>6 (2.12)
Proceeding on similar lines it can be shown that for n> 6

Sn - Cn—2 + Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7+ Cn—3 + Cn—4 + Cn—S + Cn—6 + Cn—7 + Cn—8

S= S +S_,+S  +S ,+S .+S , forn>6 (2.13)

Thus, the four sequences {P }, {Q }, {R } and {S_} are special cases of sequence {C, } and
all obtained by taking different initial values [1,2,9].

On taking, c,=C=C=0,C,=C,=1,C,=2,C,=C, =0,C2=1, C,=0,C,=1,C,
=2,C,=0,C =1,C,=C,=0,C,=1,C,=2,C,=1,C, =C,=C,=0,C,=1,C,=2,C =C,=C,
=C,=0,C,=1,C,=2 (2.14)

0,0,0,1,1,2,4,8,16,32,63,...] ,.
0,0,1,0,1,2,4,8,16,31,62,.. K ,..
0,1,0,0,1,2,4,3,15,30,59,...L ,.
1,0,0,0,1,2,4,7,14,28,56,...M_,.
0,0,0,0,1,2,3,6,12,24,48,...N ,.

Here, we find that
Kn = Jn—l + Jn—2 + Jn—3 + Jn—4 + Jn—S, Ln = Jn—l + Jn—2 + Jn—3 + Jn—4
Mn = Jn—l + Jn—2 + Jn—3, Nn = Jn—l + Jn—2
Hence, we say that {J } is C_type sequence, while {K } is P_type sequence, and {L } is Q_
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type sequence, while {M } is R type sequence, and {N } is S_type sequence.

3 Linear Sums And Some Properties

{P },1Q,}, 1R}, {S, } expressing each of the terms C,C_, C,, ..., C_,,

terms as given in (2.1) adding both sides we obtained on simplification —

n
2 C.=1/5 {C,,
i=0

Cn+3 - 2Cn+2

- 3Cn-*—l + Cn

—(C,—~C,—-2C,-3C, - 4C,) }

On using (2.1), (2.2), (2.4), (2.6) and (2.8), we get

6n-1

> e - zmzc

6n+3

n n
Z C6i+4 = Z Ci + RO’ Z(:) C6i+5 =
i=

1=0 1=0

6n+4

4 Property of Sequence {J }

Theorem: For the sequence {J } we have,

Jn Jn+1
Jn+1 Jn+2
Jn+2 Jn+3
Jn+3 Jn+4
Jn+4 Jn+5
Jnes JTnse

Jn+2
Jn+3
Jn+4
Jn+5
Jn+6
Jn+7

Jn+3
Jn+4
Jn+5
Jn+6
Jn+7
Jn+8

6n+1

Zc+p2c

6n+4

1=0

6n+3

Z Cys = Z C+R, - c)z C.. ;} @

Jn+4 Jn+5

Jn+5 Jn+6

Jn+6 Jn+7 _ (_ 1)

J n+7 J n+8 n+1
Jn+8 Jn+9

Jat9 Tnt10

n
Z Ci+ So, ZO C6i+6_
i=

6n+2

2 c+q,
i=0

6n+5

n
Z C6i+3 =
=0

2 ¢+,
i=0

19

We have derived simple properties of the sequence {C },
as the sum of'its six preceding

(3.1)

— CO)

(4.1)
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Proof : Consider the determinant —

1 11 1 11 2.2 2 2 2 2
1 000 0O 1 11 1 11
01 00 0O ) 1 000 0O
A: A =
001 0 0O 01 0 0 00O
0001 00 0 01 0 00O
000 01O 0 00100
Now, by mathematical induction,
Jn+1 I(n+1 Ln+1 1\/In+1 Nn+1 Jn
Jn I(n Ln 1\/In Nn Jn—l
Jn—l I(n—l Ln—l 1\/In—l Nn—l Jn—2
AN = Jn—2 I<n—2 Ln—2 Mn—2 Nn—2 Jn—3
Jn—3 I(n—3 IJn—3 1\/In—3 Nn—3 Jn—4
Jn—4 I(n—4 Ln—4 1\/In—4 Nn—4 Jn—5

Now, writing N, =1J +J  the R.H.S. can be written as the sum of two determinants, one of which

is zero, Therefore,

An =

Now, writing M _, =J +J +1J  the R.H.S. can be written as the sum of three determinants, two
of which are zero. Therefore,

Jn+1
Jn
Jn1
Jno
Jas
Joa

Jn+1
Th

Kn+1
Kn
Kng
Kno
K3
Kn4

Kn+1
K
Ky
Kno
K3
Kn 4

n

Ln+1
Ln

Ln—l
Ln—2
Ln—3
Ln—4

Ln+1
L

Ln—l
Ln—2
Ln—3
Ln—4

n

J

Jn—2

n—1

T3
Jn-4
Jhs
T

J
J

Jn—2

n

n—1

Jn—3
Jn—4

Jn—5
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Now, writing L, =J +J +1J +1J ., the R.H.S. can be written as the sum of four determinants,
three of which are zero. Therefore,

Jn+l Kn+l Jn—3 Jn—2 Jn—l Jn

Jn Kn Jn—4 Jn—3 Jn—2 Jn—l

Jn—l Kn—l Jn—S Jn—4 Jn—3 Jn—2
AN = Jn—2 Kn—Z Jn—6 Jn—S Jn—4 Jn—3
Jn—3 Kn—3 Jn—7 Jn—6 Jn—S Jn—4

Jn—4 Kn—4 Jn—8 Jn—7 Jn—6 Jn—S

Now, writingK =] +J +J +1] +J  the R.H.S. can be written as the sum of five determinants,
four of which are zero. Therefore,

J n+l

T4 T

Jn J11—5 J11—4 Jn—3 Jn—2 Jn—l

J11—1 Jn—6 J11—5 J11—4 Jn—3 Jn—2

AN = Jn—2 J11—7 Jn—6 J11—5 J11—4 Jn—3

Jn—3 Jn—8 J11—7 Jn—6 J11—5 J11—4

J11—4 Jn—9 Jn—8 J11—7 Jn—6 J11—5

On arranging, we get

Jn+1 Jn n—1 n-2 n-3 n—4

n—1
n

3

N

n

J J J J
J J J J J
Joz Tus Jna Jas T
we [ Ton Tas Tog Tas Tag
J J J J J
J J J J

n-5 Jn—9

Putting, n-9 = m or n = m+9 and substituting all the A’s, we obtain,

Jm+10 Jm+9 Jm+8 Jm+7 Jm+6 Jm+5
Jm+9 Jm+8 Jm+7 Jm+6 Jm+5 Jm+4
Jm+8 Jm+7 Jm+6 Jm+5 Jm+4 Jm+3
(_1)m+9 — Jm+7 Jm+6 Jm+5 Jm+4 Jm+3 Jm+2
Jm+6 Jm+5 Jm+4 Jm+3 Jm+2 Jm+1
Jm+5 Jm+4 Jm+3 Jm+2 Jm+1 Jm
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Rearranging the determinant and replace m by n we get the required result (4.1).

5 Generating Matrix {C } :

Now, we obtain some identities with the help of generating matrix, we consider the matrix,

1 1 1 1 1 1
1 000 0 O
01 00 0O
=10 0100 0
(5.1)
0O 00100
0O 00 O0T1DO0
By mathematical induction we can show that —
Jn+1 Kn+l Ln+1 Mn+l Nn+1 Jn
Jn Kn Ln Mn Nn Jn—l
Jn—l Kn—l Ln—l Mn—l Nn—l Jn—2
[T]" = Jn—2 Kn—2 Ln—2 Mn—2 Nn—2 Jn—3 where, n > 5 (5.2)
Jn—3 Kn—3 Ln—3 Mn—3 Nn—3 Jn—4
Jn—4 I<n—4 Ln—4 Mn—4 Nn—4 Jn—5
[C.C. ..C.,C.C,C.]J=[T]"[C,C,C,C,C,C] (5.3)
On using (5.2) and (5.3), we get —
i Cn+P ] i Jn+1 Kn+l Ln+1 Mn+l Nn+1 Jn 17 Cn ]
Cn+P—l Jn Kn Ln Mn Nn Jn—l Cn—l
Corp2 |_| Joa Kya Lo Moy Ny Jon |G
Chir3 Joo Ky Lyo My Ny T30 [Ch
Chipd Joz Koz Loz Mu3 Npg Jug|[Chy
1Chaips] [ Jna Kug Loy Mpyg Nyg Jis5]|Chs)
From this we obtain —
Cn+P = JP+1Dn + KP+1Dn—1 + LP+1Dn—2 + MP+1Dn—3 + NP+1Dn-4 + JnDn-S (5.4)
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Let us now consider the matrix [W] which is transpose of the matrix [T] in,

1 1T.0 0 00
1 01 0 0O
|10 0 1 0 0
[W]=[T] = It can be shown that the sequence,
1 00010
1 0 0 0 01
1 000 0O
C,P.,Q,R,S.,C,...,C ,P ,QR,S, C (5.5)
It is generated by matrix [W]
[C.,P,Q,R,S,C 1=[W]"[C,P,Q,R,S,C], n>5 (5.6)

On using (5.5) and (5.6), we get [C_,,, P ., Q ...,R .S ., C . ]
= [W]IH—P_S [Csa Psa Qsa Rsa Ssa C4]a n Z 5
= [W]P [Cna Pna Qna Rna Sna Cn-l]

Jpa Jp Jpay Jpo Jps Jpyg || Gy
Kpy Kp Kpy Kpy Kpjz Kpy|| Py
Lpyy Lp Lpy Lpo Lps Lpy || Qq
Mpyy Mp Mpy Mp, Mpj; Mpy || Ry
Npy,y Np Npy Npp Npj3y Npy|| S,

Jpo Jpa Jpo Jps Jpa Jps |G

c.,=J,C+IP +J Q+J R +J,.S +1J,C
P..=K, C +KP +K, Q +K, R +K,S +K,C
Q.,=L,C+LP+L, Q+L, R +L S +L,C

R ,.=M,C +MP +M, Q +M,, R +M,. S +M,,C
S.»,=N,,C +NP +N, Q +N, R +N, .S +N,C |

Conclusion and its application

There are many known identities for Fibonacci recursion relation. We define the sequence
{C_} and its four comparison sequence {P }, {Q }, {R }, {S }.We derive linear sum and properties
of comparison sequence. We also derive generating matrix for {C }.
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Scope of the future work

More than four comparison sequence can be defined and new relationship have been derived.
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